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Theorem 1.1 (Strong law of large number, Etemadi). Suppose {X,, : n > 1} is a sequence of
pairwise independent identically distributed r.v. with E(|X;|) < oo. Let u = E(X,),
Spn=X1+ Xo+ - + Xy,

then g
— = u a.s. (1)
n

as n — o0.
Lemma 1.2. Suppose X is a r.v. with X > 0., then we have

1.
Y PX >n) <E(X) <1+ P(X >n)

n=1 n=1

2. For any p > 0,
E(X?) = / ptPIP(X > t)dt.
0

Lemma 1.3. Let Y = X1y x, <y and T, =Y + Yo +--- + Y, then

T,
— = U a.s.
n

implies (1).
Proof. 1. By Lemma 1.2,

n=1

D OPUXK > k) =Y P(IX] > k) E(IX4]) < oo,
k=1
then by Borel-Cantelli Lemma,

2. Let A ={X} # Yy i.0.}, for any w € A (w.p.1.), Xy # Y} only for finitely many k, i.e. there
exists N(w), s.t. Xp(w) = Yy (w) for all k > N(w). Therefore for almost sure w,

N(w)
lim M — lim M = lim u = lim l Z(Xk(w) — Yi(w)) =0. O

n—00 n n—oo n n—oo n n—oo M,
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Lemma 1.4. For allx > 0,

[e.9]

= 1 = 1 x 1 %‘ L
— = — <" 4 —dt = + <2 O
PLETT X By "’”/mﬂt (@] +1)2 o] +17

Lemma 1.5.

> B0 < amx,)).

k=1
Proof. By Lemma 1.2,

00 00 k k
E(Y?) :/0 P(Y? > t)dt :/0 20P(|Yy| > x) dx :/0 20P(|Yy| > z)dx < /0 2P| Xy | > ) dz

therefore

8

2 E(Y? 1
Z (kzk) < Zk_/ ]1{x<k}2£(}]P>(|X1| > x) dz

k=1 k=1

I
o\
8

=1
2aP(|X1| > 2) ) 5 Laary do
k=1

T oP(Xy| > 2) (:EZ%) do

k>x

I
S—

< 4/ P(|X,| > z) dz
0
= 4E(|X1]).

Proof of Theorem 1.1. 1. Since X3 = X,/ — X, (1) holds if
n X*
Zk 14 —> E(X;) and 2= X —E(X;]) as.
n

hence it is sufficient to prove the case when X > 0.
2. Fix o > 1, let k, = [@"]. Then we will consider the subsequence {7}, : n > 1}. For any
€ > 0, by Chebyshev’s inequality, we have

Var(Tkn )

(ITx,, — E(Tx,)|*) = T

1

!See https://en.wikipedia.org/wiki/Integral_test_for_convergence

2
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thus
N 1 < Var(Ty,)
S B(IT, — E(Th,)| > eha) < 5 > -2k
n=1 =1 oy
- 101 kn Vanly ) - ;
T2 Z 2 Z ar(Y,,) (by pairwise independence)
n=1 T m=1
1 X1
T2 >0 ﬁﬂ{mSkn}Var(Ym)
n=lm=1 "
(@) 00 1
=5 Z Var(Y,,) Z — L {m<hn)
m=1 n=1 "N
1 & e 1
— ?ZVM(Y’”) Z =
m=1 nkp,>m
1 & ) 1
<z 2 B > =
m=1 nikp>m

i§2£c4:.igi.1’
k2 a2n &2n0 a2n m2 1— a72
n:kp>m n=ng n=0
therefore
= 4 =L E(Y2) 16
P71, — E(T; > ¢k, < . m. <L CE(1 X)) < o0,
; <| kn ( kn)’ € )— 52(1_052)77121 m2 = 52(1_&,2) (| l’) o0

then by Borel-Cantelli Lemma,

Ty, — E(T,
IP’(| o p (T, )| >6i.0.) =0,

Tk, — E(T%,)|
k

n

i.e. almost surely, < ¢ for all large enough n, in other word,

Ty, — E(Ty,)
Ky,

Since X1yx,<xy T X1, by monotone convergence theorem,

E(Y:) = E(Xelqx,<ry) = E(XaLgx,<ky) = E(X0) = p,

— 0, a.s.

thus by Stolz—Cesaro theorem,

E(Th) 1 s 3
i =t =l 23 L B(Y) = i E() =

n—oo  ky, m—00

3
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and hence

s as. (3)

3. The last step is to consider intermediate terms. For k, < m < k,.1, by Step 1, X} > 0, so

Y, > 0 and hence Ty, < T, <1, ., then
Tkn < & < Tkn+1
k:nJrl om kn ,
ie.
Tkn kn < & < Tkn+1 kn+1 (4)
kn knJrl om knJrl kn
Since
CL’n+1 -1 knJrl [O/H'l] @”+1
a” Tk, [a”] am—1’

we have k,y1/k, — a as n — oo, then (3) and (4) implies

Ll=

T T
< liminf ~= < limsup — < au, a.s.
m—oo N m—oo 1N

let o« — 1%, we have
T
lim —=pu a.s. ]
m—oo 1M
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